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When open strings end with a charge q on a D2-brane, which involves constant background
magnetic field B perpendicular to the brane, we calculate the Hall conductivity for these charged
strings. We also construct the corresponding spectrum-generating algebra, which assures that our
system is ghost-free under some conditions.
I. INTRODUCTION
The Hall effect[1] concerns two-dimensional electron system, which is supplied with a very thin flat conductor placed
in a constant uniform magnetic field B perpendicular to the plate. The Hall effect is characterized by the induced
electric field E1 in the 1-direction on the plate, and the induced current density J2 = σ21E1 in the 2-direction, where
σ21 is the Hall conductivity given by
σ21 = −e n/B , (1.1)
e n being the charge density. Here there is no induced current in the 1-direction, i.e., J1 = 0.
The quantum Hall effect is characterized by the formula
σ21 = −e2 ν/h , (1.2)
where ν = nh/eB takes integer or fractional values against n or B when the system is laid in the very strong
magnetic field and in the extremely low temperature. It is known to come from effects of impurities or electron-
electron scatterings[1].
In this paper we are interested in the Hall effect for the charged strings on the D2-brane. However, we do not
consider the quantum Hall effect, but we confine ourselves to the ordinary pure Hall effect. We consider an open
string, Xµ(τ, σ), 0 ≤ σ ≤ pi , which ends on the D2-brane at σ = 0, but the other side σ = pi is not on the brane.
The string carries a charge q located only at the end point σ = 0. The D2-brane involves a constant magnetic field
B perpendicular to the brane.
This system is clearly equivalent to the above Hall system, if the charged strings are replaced by electrons and the
D2-brane by the flat thin conductor placed in a constant uniform magnetic field B perpendicular to the plate.
Upon the quantization of the charged string, we meet a problem of how to work the no-ghost theorem in our system.
For the free string the spectrum-generating algebra (SGA) is well known to assure the ghost-free for string states
if the space-time dimension (d) is d = 26 and the Regge intercept α(0) is α(0) = 1. For the charged string with a
background field, however, it is not clear whether the conventional SGA works well as it is. We then consider the
modification of SGA, and will find that our system is ghost-free if d = 26 and α(0) = 1− ω/2 + ω2/2, where ω is the
cyclotron frequency of the charged string.
In Sec.II we summarize the quantization of the charged string placed in a constant electromagnetic field. In Sec.III
we calculate the Hall conductivity for the charged strings. In Sec.IV the modified spectrum-generating algebra is
constructed. The final section is devoted to the concluding remarks.
II. QUANTIZATION OF THE CHARGED STRING
The interaction Lagrangian of our system is given by
LI = q X˙µ(τ, σ)A
µ
(
X(τ, σ)
) ∣∣∣
σ=0
= −q 1
2
X˙µ(τ, σ = 0) F
µ
ν X
ν(τ, σ = 0) . (2.1)
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2Here we have chosen a gauge such as
Aµ = −1
2
Fµν X
ν , (2.2)
with Fµν , the constant antisymmetric field strength only for µ, ν = 0, 1, 2, i.e.,
Fµν =

0 E 0E 0 B
0 −B 0

 . (2.3)
Introducing a time-independent function ρ(σ) such that
ρ(0) = q , ρ(pi) = 0 , (2.4)
the interaction Lagrangian can be rewritten as
LI =
1
2
[
ρ(σ) X˙µ(τ, σ)F
µ
ν X
ν(τ, σ)
]pi
0
=
1
2
∫ pi
0
dσ ∂σ
(
ρ(σ) X˙µ(τ, σ)F
µ
ν X
ν(τ, σ)
)
=
1
2
∫ pi
0
dσ
(
ρ′ X˙µ F
µ
ν X
ν + ρ X˙µ F
µ
ν
(
Xν
)′
+ ρ
(
X˙µ
)′
Fµν X
ν
)
=
1
2
∫ pi
0
dσ
(
ρ′ X˙µ F
µ
ν X
ν + ρ X˙µ F
µ
ν
(
Xν
)′ − ρ (Xµ)′ Fµν X˙ν
)
=
1
2
∫ pi
0
dσ
(
ρ′ X˙µ F
µ
ν X
ν + 2 ρ X˙µ F
µ
ν
(
Xν
)′)
, (2.5)
where the total time derivative ∂τ
(
ρX ′FX
)
has been discarded. This theory does not depend on the functional form
of ρ(σ) for 0 < σ < pi, because the action based on Eq.(2.5) is invariant under a variation with respect to ρ(σ).
The total Lagrangian is given as
L =
1
4piα′
∫ pi
0
dσ
[
X˙µ X˙
µ −Xµ′Xµ′
]
+
1
2
∫ pi
0
dσ X˙µF
µ
ν
[
ρ′Xν + 2ρXν ′
]
. (2.6)
The equation of motion and the boundary conditions follow from the action based on Eq.(2.6):
X¨µ − (Xµ)′′ = 0 , (2.7)[ (
Xµ
)′
+ 2piα′ ρFµνX˙
ν
] ∣∣∣
σ=0,pi
= 0 . (2.8)
(In the following we set 2piα′ = 1.) The Dirac quantization for this constrained system has been carried out in
Refs.[2],[3]. The result is summarized as follows: First of all we go over to the Lorentz frame in which the electric
field is absent, and then diagonalize the electromagnetic field tensor. The total transformation is accomplished by the
matrix
Sµν =

 a −b/
√
2 −b/√2
0 −i/√2 i/√2
−b a/√2 a/√2

 , (S−1)µ ν =

 a 0 bb/√2 i/√2 a/√2
b/
√
2 −i/√2 a/√2

 , (2.9)
to give
(
S−1FS
)µ
ν =

0 0 00 iK 0
0 0 −iK

 , (2.10)
where K =
√
B2 − E2 (we assume 0 < E < B) and
a =
B
K
, b =
E
K
, a2 − b2 = 1 . (2.11)
3Then we have
S−1

X
0
X1
X2

 =

 aX
0 + bX2(
bX0 + iX1 + aX2
)
/
√
2(
bX0 − iX1 + aX2)/√2

 =:

 ZX(+)
X(−)

 . (2.12)
The inverse relation is

X
0
X1
X2

 = S

 ZX(+)
X(−)

 =

 aZ − b
(
X(+) +X(−)
)
/
√
2
−i(X(+) −X(−))/√2
−b Z + a (X(+) +X(−))/√2

 . (2.13)
The boundary condition Eq.(2.8) become
Z(τ, σ)
∣∣∣
σ=0,pi
= 0 ,
(
X ′(±) ± i ρKX˙(±))∣∣∣
σ=0,pi
= 0 , (2.14)
X ′i(τ, σ)
∣∣∣
σ=0,pi
= 0, i = 3, · · · , d− 1
Since X(±) couples with K, their time derivatives have mode expansions like
X˙(±)(τ, σ) =
∑
n
e−i(n±ω)τ cos
[
(n± ω)σ ∓ piω ] α(±)n , (2.15)
which satisfy the boundary conditions (2.14), and tanpiω := q K.
On the other hand, Z(τ, σ) does not couple with any field, so it is a free string, as well as other components,
X3, · · ·, Xd−1. Their mode expansion are :
Z(τ, σ) = z + p0τ + i
∑
n6=0
1
n
e−inτ cos
(
nσ
)
α 0n , (2.16)
X i(τ, σ) = xi + piτ + i
∑
n6=0
1
n
e−inτ cos
(
nσ
)
α in , i = 3, · · · , d− 1. (2.17)
The commutation relations for mode operators for X(±) are[
α(±)m , α
(∓)
n
]
= (m± ω) δm+n,0 , (2.18)
whereas for other free components, Z,X3, · · ·, Xd−2,[
αim , α
j
n
]
= δijm δm+n,0 , i, j = 3, · · · , d− 2. (2.19)[
α0m , α
0
n
]
= −m δm+n,0 . (2.20)
We find that the noncommutativity of X(±)(τ, σ) at σ = 0 is
[
X(+)(τ, 0) , X(−)(τ, 0)
]
= θ , θ =
q K
1 + q2K2
. (2.21)
The Virasoro operator is defined as
Ln =
1
4
∫ pi
−pi
dσ e±inσ :
(
X˙ ±X ′)2 : = 1
2
∑
l
: αl · αn−l : , (2.22)
where A ·B = −A0B0 +A(+)B(−) +A(−)B(+) +A3B3 + · · ·+Ad−1Bd−1, and it satisfies the Virasoro algebra1
[
Lm , Ln
]
= (m− n)Lm+n +
{
d− 2
12
m(m2 − 1)−mω2 +mω
}
δm+n,0 , (2.23)
1 The linear term in ω is necessary in Eq.(2.23). The original article [2] misses the term, so it should be modified in this way.
4The Hamiltonian corresponds to L0, and the Virasoro condition for physical state are
Ln
∣∣ ψ 〉 = 0 , n > 0, (2.24)
[L0 − α(0)]
∣∣ ψ 〉 = 0 . (2.25)
where α(0) is Regge intercept. The no-ghost problem will be discussed in Sec.IV.
III. THE HALL CONDUCTIVITY
We consider especially the end-point of the string at σ = 0. From Eq.(2.13), X0(τ, 0) and X2(τ, 0) are given by
X0(τ, 0) = aZ(τ, 0)− b Y (τ, 0) , (3.1)
X2(τ, 0) = −b Z(τ, 0) + a Y (τ, 0) = − b
a
X0(τ, 0) +
1
a
Y (τ, 0) , (3.2)
where
Y (τ, σ) := (X(+) +X(−))/
√
2. (3.3)
Now, for Eqs.(3.1) and (3.2), let us consider expectation values by stationary states
∣∣ α, p 〉, which are normalized
by Dirac’s delta function as
〈
p, α
∣∣ α′, p′ 〉 = δα,α′δ(p − p′), where p is the c.m. momentum of the string. For an
example, the expectation value of the momentum operator pˆ is defined by the coefficient of the delta function as〈
p, α
∣∣pˆ∣∣ α′, p′ 〉 = pδ(p− p′). The expectation value for Eq.(3.1) is
〈
p, α
∣∣X0(τ, 0)∣∣ α, p′ 〉 := tδ(p− p′) = ap0τδ(p− p′)− b〈 p, α ∣∣Y (τ, 0)∣∣ α, p′ 〉 . (3.4)
Here we have set
〈
X0(τ, 0)
〉 ∼ t, which plays a role of the ordinary time. The τ derivative of Eq.(3.4) becomes
∂t
∂τ
= ap0 , (3.5)
because
〈
α
∣∣Y˙ (τ, 0)∣∣ α 〉 vanishes, Y˙ being linear in α(±)n .
In the same way, the expectation value of Eq.(3.2) is
〈
p, α
∣∣X2(τ, 0)∣∣ α, p′ 〉 = − b
a
tδ(p− p′) + 1
a
〈
p, α
∣∣Y (τ, 0)∣∣ α, p′ 〉 , (3.6)
The t-derivative of this equation becomes
∂
∂t
〈
p, α
∣∣X2(τ, 0)∣∣ α, p′ 〉 = − b
a
δ(p− p′) + 1
a
∂τ
∂t
〈
p, α
∣∣Y˙ (τ, 0)∣∣ α, p′ 〉
= − b
a
δ(p− p′) . (3.7)
Since the expectation value is defined by the coefficient of the delta function, we write Eq.(3.7) as
∂
∂t
〈
X2(τ, 0)
〉
= − b
a
= −E
B
. (3.8)
Also
∂
∂t
〈
X1(τ, 0)
〉
=
∂τ
∂t
∂
∂τ
〈
X1(τ, 0)
〉
=
1
ap0
〈
X˙1(τ, 0)
〉
= 0 , (3.9)
because the τ -derivative of X1 = −i(X(+) −X(−))/√2 is linear in α(±)n .
The current density in the i-direction is given by J i = q n (∂/∂t)
〈
X i(τ, 0)
〉
, where q n is the charge density. Hence
Eqs.(3.8) and (3.9) mean
J2 = −q n
B
E , (3.10)
J1 = 0 . (3.11)
This means that the Hall conductivity for charged strings is σ21 = −q n/B, and this value is of the same form as in
the ordinary particle case.
5IV. SPECTCRUM-GENERATING ALGEBRA FOR THE CHARGED STRING
In this section we consider a spectrum-generating algebra (SGA) for charged strings when antisymmetric background
fields are present. This is necessary to guarantee that the system is ghost-free.
First we recall SGA for a free string. We define relevant operators as
Xµ(τ) = i
∑
n6=0
1
n
e−inτ αµn + x
µ + τpµ , (4.1)
Pµ(τ) = ∂τX
µ(τ) =
∑
n
e−inτ αµn , (4.2)
V (τ) = eiX
−(τ) , (4.3)
Ain =
∮
dτ P i(τ)V (τ)n ;
∮
dτ = (2pi)−1
∫ pi
−pi
dτ , i = 1, · · · , d− 2, (4.4)
Kn = −
∮
dτ : { P+(τ) + 1
2
n2P−(τ) logP−(τ)}V (τ)n : , (4.5)
where P±,X± are light-cone variables defined by X± = (X0 ±Xd−1)/√2, etc., with the c.m. variables xµ, pµ, and
the mode operators αµn satisfying[
xµ , pν
]
= iηµν . (4.6)[
αµm , α
ν
n
]
= ηµνm δm+n,0 , (µ, ν = 0, 1, · · · , d− 1) . (4.7)
We work in the subspace with p− = 1, so that
∮
dτ P i(τ)V (τ)n = δn,0 . (4.8)
SGA is summarized as follows:
[
Aim , A
j
n
]
= mδijδm+n,0 , i, j = 1, · · · , d− 2[
Aim , Kn
]
= m Aim+n . (4.9)[
Km , Kn
]
= (m− n) Km+n + 2m3δm+n,0 .
The spectrum-generating operators Ain, Kn are commutable with the Virasoro operator L
(0)
n for the free string,
and generate all the physical states satisfying the Virasoro conditions. The commutation relations (4.9) suggest an
isomorphism
Ain ∼ αin , Kn ∼ L(0)Tn , (4.10)
where L
(0)T
n is the transverse part of the Virasoro operator
L(0)Tn := −aδn,0 +
1
2
d−2∑
i=1
∑
l
: αin−lα
i
l : , (4.11)
satisfying
[
αim , α
j
n
]
= mδijδm+n,0 , i, j = 1, · · · , d− 2[
αim , L
(0)T
n
]
= m αim+n , (4.12)[
L(0)Tm , L
(0)T
n
]
= (m− n) L(0)Tm+n +
[ d− 2
12
(m3 −m) + 2ma ]δm+n,0 .
The c-number a is Regge intercept a = α(0). Comparing Eqs.(4.9) with (4.12), we find that the isomorphism is
completed if d = 26 and a = 1.
6Now let us return to the charged string in Sec.III.2 We consider the string coordinates,
Z,X(+), X(−), X3, . . . , Xd−2, Xd−1. The light-cone variables are now X± := (Z ± Xd−1)/√2 (which should
be distinguished from X(±)).
For the (±) components, instead of Pµ(τ) in Eq.(4.2) we adopt
P (±)(τ) =
∑
n
e−i(n±ω)τα(±)n , (4.13)
which satisfy
[
P (±)(τ) , P (∓)(τ ′)
]
=
∑
n
(n± ω)e−i(n±ω)(τ−τ ′) = i∂τδ±ωδ(τ − τ ′) . (4.14)
Here δω(s) is defined as δω(s) = exp(−iωs)δ(s) with 2pi-period delta function δ(s), and has a property, δω(s+ 2pi) =
exp(−2piiω)δω(s).
Corresponding to Ain in Eq.(4.4) we define the SGA operators for the (±) components as
A(±)n =
∮
dτ P (±)(τ)V (τ)n±ω . (4.15)
For the sake of p−1 = 1, V (τ) carries a factor eiτ and hence V (τ)n±ω a factor ei(n±ω)τ . The non-periodic factor
eiωτ is canceled by the similar factor in P±(τ). In the following calculations this cancellation always occurs among
δ±ω, V (τ)
n±ω and P (±).
We are to show the commutation relations
[
A(±)m , A
(∓)
n
]
= (m± ω)δm+n,0 , (4.16)[
A(±)m , Kn
]
= (m± ω) A(±)m+n . (4.17)
which guarantee the (±) parts of the isomorphism A(±)n ∼ α(±)n , and to show also that the A(±)n ’s commute with the
Virasoro operators.
The commutator
[
A
(±)
m , A
(∓)
n
]
is calculated as
[
A(±)m , A
(∓)
n
]
=
∮
dτ
∮
dτ ′i∂τδ±ω(τ − τ ′)V (τ)m±ωV (τ ′)n∓ω
=
∮
dτV (τ)m±ωi∂τV (τ)
n∓ω = −(n∓ ω)
∮
τP−V (τ)m+n (4.18)
= −(n∓ ω)δm+n,0 ,
giving Eq.(4.16). In the same way we have
[
A(±)m , Kn
]
= −
∮
dτ
∮
dτ ′P (±)(τ)
[
V (τ)m±ω , P+(τ ′)
]
V (τ ′)n
=
∮
dτ
∮
dτ ′P (±)(τ)V (τ)m±ω(m± ω)δ(τ − τ ′)V (τ ′)n
= (m± ω)
∮
dτP (±)(τ)V (τ)m+n±ω , (4.19)
to show Eq.(4.17).
The commutativity of A
(±)
n with the Virasoro operator Ln (2.22) with F 6= 0 can be shown as follows: We define
L(τ) by
L(τ) =
∑
n
e−inτLn =: P
+(τ)P−(τ) : + : P (+)(τ)P (−)(τ) : +
1
2
d−2∑
i=3
: {P i(τ)}2 : . (4.20)
2 The discussion in this section is valid also for a charged string with charges at both ends. The parameter ω is defined by ω = ω0 − ωpi
with tan piω0 = ρK and tanpiωpi = ρ(pi)K. In that case the ω in Eq.(4.28) should be replaced by |ω|.
7In order to show
[
L(τ) , A
(±)
n
]
= 0, we first calculate the first term of L(τ) as
[
: P+(τ)P−(τ) : , A(±)n
]
=
∮
dτ ′P−(τ)
[
P+(τ) , V (τ ′)n±ω
]
P (±)(τ ′)
=
∮
dτ ′P−(τ)(n ± ω)δ(τ − τ ′)V (τ ′)n±ωP (±)(τ ′)
= (n± ω)P (±)(τ)P−(τ)V (τ)n±ω . (4.21)
For the second term we have
[
: P (+)(τ)P (−)(τ) : , A(±)n
]
=
∮
dτ ′P (±)(τ)
[
P (∓)(τ) , P (±)(τ ′)
]
V (τ ′)n±ω
=
∮
dτ ′P (±)(τ)i∂τ δ∓ω(τ − τ ′)V (τ ′)n±ω
= P (±)(τ)i∂τV (τ)
n±ω = −(n± ω)P (±)(τ)P−(τ)V (τ)n±ω . (4.22)
Since the third term is irrelevant, we get
[
L(τ) , A(±)n
]
= 0 . (4.23)
To sum up, the modified SGA for the (±)-components is given by
[
A(±)m , A
(∓)
n
]
= (m± ω)δm+n,0 ,[
A(±)m , Kn
]
= (m± ω) A(±)m+n , (4.24)[
Km , Kn
]
= (m− n) Km+n + 2m3δm+n,0 .
These are to be compared with the commutation relations
[
α(±)m , α
(∓)
n
]
= (m± ω)δm+n,0 ,[
α(±)m , L
T
n
]
= (m± ω) α(±)m+n , (4.25)[
LTm , L
T
n
]
= (m− n) LTm+n + [
d− 2
12
(m3 −m)−m(ω2 − ω − 2a)]δm+n,0 .
where
LTn := −aδn,0 +
1
2
∑
l
: [α
(+)
n−lα
(−)
l + α
(−)
n−lα
(+)
l + α
3
n−lα
3
l + · · ·+ αd−2n−lαd−2l ] : . (4.26)
Comparing Eqs.(4.24) with (4.25), the isomorphism
A(±)n ∼ α(±)n , Kn ∼ LTn , (4.27)
is completed if
d = 26 , a := α(0) = 1− ω
2
+
ω2
2
. (4.28)
The other transverse components obey the same algebra as in the free case, and we have the same isomorphism as
Eqs.(4.10). Once we have SGA, then we can conclude that our system is ghost-free provided the conditions (4.28) are
satisfied.
V. CONCLUDING REMARKS
We have calculated the Hall conductivity for the charged strings, which end on the D2-brane with a constant
background magnetic field perpendicular to the brane. The result is given by Eq.(3.10), σ21 = −q n/B, which
coincides completely with that of the ordinary two-dimensional electron system. In this derivation the mode expansion
(2.15) of X˙(±) has been essential, where the commutation relation (2.18) for mode operators α
(±)
n is related with the
8noncommutativity between X(+)(τ, 0) and X(−)(τ, 0). However, the noncommutativity itself has not played any role
in this derivation.
When both ends of the string have charges, i.e. ρ(0) = q, ρ(pi) = −q′, and they attach to the D2-brane, we have
also the same result σ21 = σ − (q + q′)n/B. It may be intetesting problem to consider a case where open string end
on two different D-branes with different world volume field strengths.
As another main result, we have constructed SGA for charged strings with constant antisymmetric background
fields. We conclude that our system is ghost-free if the space-time dimension is d = 26 and the Regge intercept is
α(0) = 1− ω/2 + ω2/2, where ω is the cyclotron frequency of the charged string.
Any DDF state constructed of the modified spectrum-generating operators eventually did not contribute to the
Hall conductivity, but only the ground state has been remained. Generally speaking, however, the modified SGA will
be crucially important in the theory of charged strings.
Finally we recall that, in order to obtain the quantum Hall effect for electrons, it is important to take into account
of effects of impurity potentials or electron-electron scatterings. Otherwise, we get only the pure result (1.1). The
same thing may happen to the charged strings. We expect also the quantum Hall effect for the charged strings, if
we take into account of effects of impurity potentials or string-string scatterings. This interesting problem will be
remained in future studies.
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